Abstract. The involute gears are sensitive to the misalignment of their axes which determines transmission errors and perturbations of pressures distributions along the tooth flank. The concentrated contacts in gears are no longer as Hertz type. A semi-analytical method was developed to find the contact area, pressures distribution and depth stresses state. The matrix of initial separations is found analytically for standard and non-standard spur gears. The presence of misalignment as well as the flank crowning and flank end relief are included in the numerical analysis process.
Introduction
Under real running condition the meshing is altered by various deviations of the machine parts involved [1] , but also by elastic deformations [2] , which determine transmission errors and perturbations of pressures distributions along the flank, especially at its end sides, Figure1a. The pressures concentrations accelerate the fatigue and wear phenomena resulting a much shorter life for the machine parts subjected to rolling contact [3] . The concentrated contacts in gears meshing are no longer of Hertz type [4] [5] [6] , and no straight analytical solutions is available. Semi-analytical methods have been developed to find the contact area, pressures distribution and depth stresses state [7] [8] [9] . For spur and helical gears some techniques as flank crowning or flank relieving, Figure 1b , are commonly used to modify the initial line contact to a localized bearing contact [5, 6] . The normal load acts along the contact line and a common contact area develops. The shape and size of the common contact area, as well as the pressures distribution on this area, are unknown. 
SAM modelling of non-Hertz concentrated contacts
The semi-analytical method uses the initial (no load) separations between surfaces of the conjugate teeth that sustain the meshing process. A virtual rectangular contact area, denoted A v , is built on the common tangent plane, around the initial contact point, and a Cartesian system (x, y, z) is introduced, the x-O-y plane being the common tangent plane, Figure 2 . A uniformly spaced rectangular array is built on the virtual rectangular contact area with the grid sides parallel to the x and y-axes. The nodes of the grid are denoted by (i, j), where indices i and j refer to the grid columns and grid rows, respectively. The real pressure distribution is approximated by a virtual pressure distribution, characterized by unknown constant values inside of each , patch [8, 9] . The surface deformation is modeled by the following six linear algebraic equations: a) geometric equation of the elastic contact:
(1) where:
is the gap between the normal loaded surfaces, is the separation between unloaded surfaces, is the elastic deformation of the two surfaces, measured along the normal load, and is the rigid displacement of the contacting bodies; b) equation of the normal surface displacement:
c) load balance equation
d) constraint equation of non-penetration:
e) constraint equation of non-adhesion:
where Y p is the value of the pressure able to initiate the plastic yield. The influence function K ij represents the value of the surface deformation created in the point (i, j) by the unit pressure acting in the elementary rectangle (k, l) [9] .
The components of the stress tensor are obtained by superposition , , , , ∑ ∑ * (7) where the influence function C ijkl (x,y,z) describes the stress component σ ij (x,y,z) due to a unit pressure acting in the patch (k, l), [10] . A single-loop conjugate gradient method was used to solve the mentioned algebraic system of equations. To increase the efficiency of the numerical algorithm, a dedicated discrete fast Fourier transform routine for 3D contact problems was used to solve the convolution products. The entire algorithm has been applied in a C++ computer code, named Non-Hertz [9, 10] .
Matrix of separations
Spur involute gears are in line contact at every instant and consequently the virtual rectangular contact area is built having the contact line as median line. The half-width of the virtual rectangular area has a value related to the value obtained considering the Hertz hypothesis. The target is to determine the value of the initial separation in each mesh point The first one is a translation from the fixed system O 2 v 2 w 2 to the mobile coordinate system , Figure 3b . The second coordinate transformation is a rotation with the angle , needed to obtain the Cz axis along the common normal of the teeth surfaces and Cy axis in the tangent plane of the contact point, Figure 3b . In the mesh grid of virtual rectangular area the point (i,j) is located at the distance y j from the contact line. A mobile point M, with the position angle , Figure 3b is considered on the flank of gear 2:
inv inv (8) For gear 2 and point , the pressure angle is found as solution of the equation:
The Newton-Raphson iterative method provides the solution .
For point (i,j), situated on virtual contact area, the equations (8, 9) give the value of initial separation 2 between the tangent plane and flank surface of gear 2:
The same technique is used to obtain the initial separation 1 [11] :
The normal separation between the surfaces of the meshing teeth is: 1 2 (12) The misalignment as well as the flank crowning or end flank relief are further included in the computing process for the matrix of initial separations data. The Non-Hertz software uses the separations matrix as initial data in an iterative process to obtain the pressures distribution, contact area and stresses states in the shallow layers of loaded teeth [9, 10] .
TCA analysis of standard spur gears
The numerical analysis has been performed using the data for standard spur gears: 20 , * 
Standard spur gears -the edge effect
The phenomenon of pressures concentration at the end sides of the line contact with finite length is called edge effect [5, 13, 14] . To be in agreement with experimental evidence of the edge effect Guilbault [13] introduces a correction factor into the 3D computational algorithm. In case of a flank with sharp edges the high values of pressures developed in the end areas of the flank might induce plastic deformations able to change locally the contact geometry and to attenuate the edge effect [14] .To avoid the cumbersome calculations needed to evaluate the edge effect in standard spur gears, the present algorithm considers, for both sides of the flank, a chamfer with the radius Rch=0.2 mm.
Numerical analysis
Standard spur gears, having a straight line lead (SL-lead), obtained with good manufacturing practice and operating in ideal conditions, were first considered. The pressures distribution is presented in Figure 4 for the case when the contact point C is in the meshing pole, 20 . Along the tooth flank the maximum pressure is very close to the Hertz pressure except end sides areas where the edge effect manifests, Figure 4 .
The edge effect becomes much damaging when even a small misalignment exists. Figure  5 depicts the pressures distribution obtained using the same operating data added with a misalignment of 0.5 min. As effect of this small misalignment, the ⁄ ratio between the maximum value of pressure and Hertzian stress, increased from 1.61 to 2.66. Some of plasticity criteria consider the value of von Mises stress as responsible for starting the material yielding inside the stressed volume [9] , and for the initiation of the rolling contact fatigue [3, 15] . In this respect the ⁄ ratio between the maximum value of von Mises stress and Hertz stress, increased from 0.99 to 1.62. The shape and size of the contact area suffer major modifications when there is misalignment between axes, Figure 6 . Modified spur gears are commonly used to avoid the harmful edge effect.
The main direction of the modified spur gears is to replace the line contact by a point contact. This means to localize their bearing contact by a proper modification of the surface of one of the mating gears, the pinion being the preferred one.
Conclusions
A robust and very fast semi-analytical method, Non-Hertz, is presented to solve the concentrated contacts achieved between conjugate teeth during meshing. An analytical method was developed to find the matrix of separations between the surfaces of the conjugate teeth. The harmful edge effect has been pointed out and the need for flank modification and its analysis was revealed. 
